In this paper, we discuss the radiative processes of accelerated entangled twolevel systems. Using first-order perturbation theory, we evaluate transition rates of two entangled Unruh-DeWitt detectors rotating with the same angular velocity interacting with a massive scalar field. Decay processes for arbitrary radius, angular velocities, and energy gaps are analyzed. We discuss not only mean-life of entangled states, but also entanglement harvesting and entanglement degradation.
Introduction
Developments in the general theory of quantization of fields in curved space-time enlarge the possibilities of applications of field theory in our understanding of nature. In canonical quantization, the original construction where quantum states support an irreducible unitary representation of the Poincaré group must be modified. Arbitrary frames for quantization, even in flat space-time, are laboratories of investigations. In this scenario, the vacuum states of quantum fields can be observer-dependent [1] . An example that has been widely discussed is the Unruh-Davies effect [2] [3] [4] . The usual treatment for this problem is to quantize a scalar field in the Rindler coordinate system. Both quantizations, in an inertial frame and in a Rindler frame, are unitarily non-equivalents. This can be viewed by analyzing the Bogoliubov's β coefficients between Minkowski and Rindler field modes. The fact that the definition of particles and vacuum states for inertial and accelerated observers are distinct can also be viewed by calculating the response function of the detector [5] . A uniformly accelerated detector interacting with a scalar field prepared in the PoincarÃ c invariant (Minkowski) vacuum measures a thermal bath, with the temperature being proportional to the proper acceleration. Moreover, the Unruh-Davies effect anticipates some features of quantum field theories in curved space-times, such as the Hawking effect [6] .
The problem of radiative processes of detectors in a non-inertial rotating frame [7] can be found in references [8] [9] [10] [11] . Letaw and Pfausch pointed out that physical content coming from the Bogoliubov's β coefficients between the rotating and the inertial modes and the response function of the detector are in disagreement. Since the Bogoliubov's β coefficients between the rotating and the inertial modes are zero, the rotating vacuum and the Minkowski vacuum are unitarily equivalent. Nevertheless, the rotating detector interacting with a scalar field in the Minkowski vacuum had a non-zero response function for excitations. This problem was solved by Davies et al [12] . Besides this incompatibility between response function and Bogoliubov coefficients approaches, other more fundamental problem arises. How to extend special relativity to rotating frames?
The problems of rotation in a relativistic scenario have been attracted many physicists, as for example Ehrenfest, Born, Planck, Kaluza, Einstein, and others [13] [14] [15] [16] [17] . Landau and Lifshitz [18] used the transformation law between the cylindrical coordinate system adapted to an inertial frame, and another coordinate system adapted to a rotating one, which is valid only for r < c/ω. In order to extend this coordinate system to any radius, that is, try to solve the problem of tangential velocity being bigger than c for radius r > c/ω, Trocheries and Takeno [19, 20] define a coordinate system adapted to the rotating frame where the tangential velocity is v/c = tanh ωr/c, which only tends asymptotically to c. Consequences of this transformation in field theory are discussed in [21] [22] [23] . This choice is not able to reproduce experimental results, for instance, the Sagnac's effect [24, 25] . Another proposal was discussed by GrÃ¸n [26, 27] . It is able to reproduce Sagnac's effect, but it also has a discontinuity in the time coordinate, for closed circuits around the origin. An alternative extension of special relativity for rotating frames was developed by Klauber [28] .
Nowadays, quantum information is a very important topic of research in physics, whether for developing fundamental theory, experiments, or even applications, such as in quantum cryptography or quantum computers [29] . In particular, relativistic quantum information is becoming always more relevant [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] . The description of objects coupled to quantum fields claims for the relativistic approach, with measurable effects. One of them is the entanglement degradation [41, 42] , where correlated states become uncorrelated by an interaction with a quantum field, for example. This is very important since in realistic experiments we never totally control the coupling of a system to the environment. Another effect is entanglement harvesting [43] [44] [45] , where uncorrelated objects become correlated by some other interaction, for example with a quantum field. The interpretation of this phenomenon is that a quantum field in the vacuum state shows correlations between different points in space-time, and a system coupled with this field can extract entanglement from that. Both effects will be seen in a couple of detectors in a rotating frame, as we will show in this manuscript.
In this work, we study a massive scalar field interacting with two Unruh-DeWitt detectors [46] . The detectors are rotating around the origin with the same angular velocity. We discuss radiative processes and quantum entanglement for rotating systems. Using firstorder perturbation theory, we calculate the response function of the detectors, looking for the transition rate of excitations or de-excitations between any two arbitrary states. We also compute the mean life of entangled states of the two atoms. Quantum entanglement and quantum harvesting are also discussed in the analysis, and we also try to unravel the relevance of all the different parameters in the response function, and consequently in the transition rate.
This manuscript is organized as follows. In section 2 we quantize a massive scalar field in the radially-bounded space-time, in rotating cylindrical coordinates. In section 3 we discuss Unruh-DeWitt detectors. In section 4, we study the response function and derive the expression for the mean life of entangled states. In section 5 we present the conclusions and future directions for this work. In the whole paper, we use = c = 1. The signature of the Minkowski metric in this work is (+ − −−).
Canonical Quantization of a Massive Scalar Field
In this section we briefly review the canonical quantization of a massive scalar field in rotating and inertial frames. We assume that the coordinates adapted to a rotating, (t, r, φ, z), and inertial, (T, R, Φ, Z) frames are related by the following transformations:
(2.1)
The line element in the rotating frame reads:
From the metric (2.5), we get, as trivial Killing vectors, ∂ t = (1, 0, 0, 0), ∂ φ = (0, 0, 1, 0) e ∂ z = (0, 0, 0, 1), the generators of translations on their respective directions. Since the vector ∂ t is not time-like in all space-time, we cannot define positive and negative modes for all radial coordinate. This problem was solved imposing Dirichlet's boundary conditions for r = ω −1 [12] . Another Killing vector, time-like in all space-time, ∂ T = (1, 0, −ω, 0), which is the generator of translation on the non-rotating time coordinate, will be useful in our discussions. In this scenario, it is natural to define an inner product for each of the possible time-like Killing vectors, K µ , between two arbitrary states ϕ and ψ in the following way:
where dΣ µ is the future-oriented volume element of a space-like hypersurface and g = det g µν . Defining u i (x) and u * i (x) as the positive and negative field modes in the rotating frame, one can expand the massive scalar field in the form
where i is a generic set of index and a i and a † i are respectively the annihilation and the creation operators associate to each field mode. The Klein-Gordon equation [8, 9] reads
where µ is the mass of the scalar field. Making an ansätz of the form
where ε, m, and k are arbitrary constants that label the field modes. Substituting equation (2.9) into equation (2.8), we obtain the radial equation
The physical acceptable solutions for the above equation are Bessel functions of first kind, J m . Defining (ε + mω) 2 − k 2 − µ 2 = χ 2 , the radial solution can be written as
, n Z.
(2.11)
The Dirichlet's boundary conditions on the radial coordinate is
Therefore, χ = α mn /a = k mn , where α mn is the n-th root of the m-th Bessel function of first kind. In this case, the normalization of the radial mode is given by:
where J m (k mn a) = dJm(kmnr) dr r=a
. The normalized cylindrical modes in the rotating frame are written as 14) where N kmn refers to the different possible normalization given by the two time-like Killing vectors. It reads
Since the inner products between the field modes are u kmn , u * k m n = u * kmn , u k m n = 0 (2.16) and
we define u and u * as positive and negative field modes, respectively. Introducing E such that
In order to compare both quantizations using the inertial modes and the rotating modes, one can compute the Bogoliubov coefficients between these modes. One shows that the Bogoliubov's β coefficients are zero, since
where U kmn are the inertial modes in cylindrical coordinates. Therefore, the vacuum expectation value of one frame's number operator calculated in the other frame's vacuum is always zero. In the following, it is important to define the positive Wightman function which can be obtained using the positive field modes (2.14) as
(2.21)
Radiative Processes of non-Inertial Entangled States
The aim of this section is to discuss radiative processes of non-inertial entangled states. We assume two identical Unruh-DeWitt detectors coupled to a massive scalar field (see also [47] [48] [49] [50] [51] ). The total Hamiltonian of the system is given
where H a and H f are the free detectors and field Hamiltonians, respectively. The H int is the interaction Hamiltonian between the two-level systems and the scalar field. The free Hamiltonian of the two detectors in their proper time is given by
where S z j = |e j e j | − |g j g j |, S + j = |e j g j | and S − j = |g j e j |, for j = 1, 2. Using Bell (maximally entangled) states, the detectors Hamiltonian can be diagonalized. The four eigenstates are given by
with eigenvalues −E, −Ω, +Ω, +E, respectively. A tensor product is implicit in the above notation. The ground state of both detectors is |g , |s and |a are the symmetric and antisymmetric Bell states, respectively, and |e is the state where both detectors are excited. Now, the free Hamiltonian of the massive scalar field φ is given by
where µ is the mass of the field, the dot represents derivative with respect to t and ∇ means the gradient operator. Finally the interaction Hamiltonian is written as where λ is the dimensionless coupling constant of the interaction, χ is a real-valued switchfunction for the interaction of the detectors with the scalar field, and m (j) (τ j (t)) is the monopole operator of the j-th atom. The field φ(x µ (τ j )) is evaluated in the classical trajectory of each of the atoms, and the factor dτ j /dt is the Jacobian to correct the time integration. The operators, m (1) (0) and m (2) (0), for two detectors in the basis {|g , |s , |a , |e } are
(3.10)
In the interaction picture, for arbitrary initial and final states |i and |f of the detectors, respectively, we have f i = 0. For simplicity, we take Ω = 0, such that the Bell states are degenerated. The energy levels are also illustrated in figure 1.
To calculate the probability of transition between arbitrary states, we use the Schrödinger equation in the interaction picture
where t i is an arbitrary initial time, and T is the usual time-ordering operator. With the evolution operator, we can compute the transition amplitude between arbitrary states |i and |f
where |φ i and |φ f are the initial and final states of the field. Assuming the initial state of the field as the rotating vacuum state, |φ i = |0 R , and tracing out |φ f , we get that the probability of transition can be written as
This probability of transition is a combination of products of two factors: the selectivity m
f i , only involving detectors' internal structure, and the response function F jk , describing the interaction with the field, as follows:
With the above definitions the probability of transition between two arbitrary states is given by
From now, we will generalize the results obtained by Cai, Li and Ren [52] . See also [53] . Without loss of generality, to simplify our computations, we can use z 1 = z 2 and ϕ 1 = ϕ 2 .
We get the proper times τ j = 1 − w 2 r 2 j 1/2 t = t/γ j . The term dτ j /dt is constant in a circular motion, and can be factored out of time integrals. Now, using equation (2.21), into the response function, we get:
Changing variables of integration from t and t to t and ∆t = t − t and performing the ∆t integral, we define the response function per unit of time t, the rate R jk (t) = ∂F jk /∂t. The modulus of the Jacobian for this coordinate transformation is one. Let us define ∆Ē = ∆E(1/γ j − 1/γ k ) and ∆E = ∆E/γ k , and rewrite the exponential argument as follows:
Considering the asymptotic limits t i → −∞ and t f → ∞, the second term on the right hand side will only be a phase in the rate, and the first one is integrated to become a Fourier transform on ∆t, giving us a delta function:
The roots of the Bessel function are such that α mn > m, so, if a, the argument of the delta function is always positive, and the corresponding response function will be zero [12] . We will have non-zero response function and non-zero contribution to the transition rate if and only if ∆E ≤ 0 ≤ mω − k 2 mn + µ 2 . This means that there is no excitation of a inertial detector in the rotating vacuum, it can only de-excite. It is consistent with the fact that all Bogoliubov's β coefficients are zero between the rotating and inertial modes. So inertial detectors can not detect particles in the rotating vacuum.
Assuming this ∆E ≤ mω − k 2 mn + µ 2 , we can expand the delta function in its roots,
Integrating the expanded delta function, the response function becomes, except for a phase in t:
Now, defining C jk as the numerical factor in the right-hand side of the equation (3.22), we can express, in first-order perturbation theory, the transition rateṖ = dP/dt as
Calculating the C jk numerical factor, we are able to study the allowed radiative processes in this system, and its transition rates. We will compute it using both possible normalizations, for which the factor C reads:
4 Analysis of the Radiative Processes
Discussion of the Response Function
The response function presented in equations (3.24) and (3.25) is a product of the integral of an oscillatory term in t with a numerical factor called C jk . Defining the rate R jk (t) as usual, being the derivative dF jk (t)/dt of the response function, the first term becomes only a trivial oscillatory term in time. We will just analyze its absolute value, given by C jk . It is worth to note that, when we changed variables in equation (3.19) , we chose the time t of the first detector as the variable for the response function. We could have chosen the time t of the second detector, and the only effect would be that ∆E would be equal to ∆E/γ j instead of ∆E/γ k . That is, the choice of the time coordinate to describe the system only implies in which gamma factor will Doppler shift the gap of the detector in our description of the system.
We have two possible Killing vectors defining our internal product, ∂ T and ∂ t , being the generator of temporal displacements in the non-rotating and in the rotating frames, respectively. Using suitable boundary conditions, both are time-like in all of the radiallybounded space-time. The difference between those normalizations is given by a term |mω − ∆E |/|∆E | = |1 − mω/∆E | inside the sums. It can only be significative for mω ≈ ∆E . According to the convergence criterion described in the next subsection, we always had m max ≤ 200, so we need ω ≈ 0.1 for this term to be relevant. We will call it a "nonrelativistic regime" when ω 0.1, and a "relativistic regime" otherwise. In fact, when we compare the numerical results for the transition rates, we confirm the values of the transition rates with both normalizations begin to differ only in the relativistic regime, but none of the qualitative features will differ between them (cf. figure 3) .
Despite having eight possible transitions shown in figure 1 , we will find that we have only three different transition rates. The first one is related to de-excitations involving the symmetric entangled state Γ |e →|s = Γ |s →|g ; the second, to de-excitations involving the anti-symmetric entangled state Γ |e →|a = Γ |a →|g , and, lastly, the third one, involving any excitation Γ |g →|s = Γ |s →|e = Γ |g →|a = Γ |a →|e . As any of the possible transitions necessarily involve one pure state and one entangled state, any of them by themselves represent either entanglement degradation or entanglement harvesting.
In order to compute transition rates, we have to combine the rates (individual rates R 11 and R 22 and crossed rates R 12 and R 21 ) with the selectivity factors. Both kinds of response functions have sums of products of Bessel cylindrical functions, which have strong oscillatory behavior. The individual rates show products of those functions taken at the same point, so, as they are squared, these terms will never be negative. Only the crossed rates can be negative. Therefore, when we take both detectors to the same radial coordinate, r 1 = r 2 , the crossed response functions will also be necessarily positive. It is expected that in this situation we would get at least a local maximum in the transition rate, for any equal radial coordinates. We found it to be evidently a global maximum in all explicitly calculated cases, and one of them is exhibited in the next subsection. This behavior has been widely discussed in the literature [54] . When the detectors are too close, they interfere stronger with each other. In fact, as we will see (cf. figure 2) , the crossed response functions is only significantly different from zero when r 1 ≈ r 2 .
Due to the dependence 1/ (mω − ∆E ) 2 − k 2 mn − µ 2 in the response function, divergences can appear. In the next subsection, we see them clearly as peaks in the plot of the transition rate by ωa when it approaches one, as we see in figure 7 (c), with |∆E|a = 200. Looking into the denominator of C jk , we see that these singularities only happen when mω ≈ ∆E → maω ≈ |∆E |a, or when k mn ≈ ∆E → α mn ≈ |∆E |a. Since in the sums m max and n max < 200, let us take α 200,200 as superior limit for α mn . We have α 200,200 ≈ 920 > 200. So, for |∆E |a = 200, we have m and n such that α mn ≈ |∆E |a ≈ maω. In this case, we will have singularities from both terms, in many of (m, n) pairs. If we had chosen a one order of magnitude bigger, we would not expect any singularity. If we fix a, but reduce ω, we will not have divergences caused by the factor mω, but we may still have some singularities coming from k mn . Since the only place where µ appears is in this factor, we can say that its main effect is to change the regime when we start having singularities.
For γ 1 , γ 2 ≈ 1, we can go back into equation (3.24) and take the approximation ∆E ≈ ∆E, such that the only dependence on the radial coordinates will be in the Bessel functions. We will specify the details of this approximation for the normalization using the ∂ T Killing vector, but for ∂ t it would be basically the same, just including the factor |1 − mω/∆E| in the normalization. We approximate the C T -factor as
where
Now, the rate can be written in a much simpler way. Using the matrix elements of (3.9) and (3.10) in equation (3.23), we get two main cases, transitions involving the symmetric entangled state, and transitions involving the anti-symmetric entangled state:
where the Γ represents an approximated transition rate. It is clear, from these equations, that transition rates involving the anti-symmetric entangled state are zero when r 1 = r 2 . Moreover, only for r 1 = r 2 we know that J mn 1 and J mn 2 have the same signal for all m's and n's. So, it can also be expected that this point is the maximum of transition rates involving the symmetric entangled state. In the next sub-section, we compare numerical analysis using the approximated transition rates in equation (4.4), and the ones calculated using the functions in equation (3.24).
Numerical analysis of Radiative Processes
This section is devoted to the study of numerical values for the transition rates of some interesting cases, revealing the behavior of the system. Our convergence criterion for the sums in m and n was that the relative difference between the following terms of the sum should be less than 10 −7 , 10 times in a row. Although there are sums that do not converge for m, n ≤ 100, for m, n ≤ 200 all of them converged. All of the following plots have dimensionless quantities in both axes. Unless we explicitly say otherwise, the default values for the parameters are such that |∆E|a = 20000, aω = 1, µ/|∆E| = 0.035 and ∆E = −20 (in arbitrary units of energy). For simplicity, we also took λ = 1, and the monopole operator constant m (1) = m (2) = √ 2. First, let us study the behavior of the individual terms C 11 and C 22 as a function of r 2 . There is no dependence on r 2 on C 11 , so it will be a constant. The C 22 term is shown in figure 2(b) , and it has a Bessel dependence on r 2 , but it is always squared, so it can never be negative. The crossed terms C 12 and C 21 , on the other hand, has the argument of only one of the Bessel functions varying with r 2 . As this function has an oscillatory behavior, we also expect the crossed C factors to be oscillatory, as in figures 2(c) and 2(d). They should have a local (at least) maximum when r 1 = r 2 because that's the only point where all the terms in the m and n sums are positive. In fact, we see in all graphs with r 2 dependence that it is a global maximum for transitions involving the symmetric entangled state, and a global minimum for transitions involving the anti-symmetric entangled state. Now, let us calculate the transition rates of the system. First, we need to discuss the normalization used in these calculations. The physical meaning of this choice is the time-like Killing vector used to quantize the massive scalar field, giving the two different normalizations in equation (2.15) . As discussed in subsection 4.1, they only differ by a factor |1 − mω/∆E |, which in general is very close to one. In figure 3 we show the transition rate from |s to |g as a function of r 2 , calculated with both normalizations. We can see that they begin to visually differ for r 2 /a > 0.1, but there is no qualitative relevant difference. So, in the discussions concerning the dependence on other parameters, we will omit plots using ∂ t as the Killing vector, since they will not provide any further information.
Besides that, we can calculate the transitions using the equation (3.25) for the C T 's and plugging into the transition rate, or by using directly (4.4) . In figure 4 , we compare a de-excitation involving the symmetric entangled state computed in both ways, with or without the approximation, respectively. In the non-relativistic regime, the graphs are visually identical, but, in the relativistic one, we see that they differ significantly. It was (a) C11(r2) also expected that the peaks were to change, since we also changed the denominator, ignoring a γ factor, to get in (4.4). Let us analyze the different possible transitions and transition rates. We will first study the de-excitations involving the symmetric entangled state. Now, using figure 5 , we compare the rate as a function of r 2 in two different situations, when r 1 is in or out of the origin, respectively. As expected by the discussion in subsection 4.1 and by the individual terms in figure 2, in both cases we have a maximum when r 1 = r 2 .
The behavior of the rate from figure 5(a) is very similar to other situations studied in the literature [54] , with the response function oscillating, with a large amplitude only in the first few oscillations. In our problem, the response function does not go to zero when r 2 increases. This behavior could be expected since the "gravitational field" increases at larger distances [55] . Even that the detectors get far away from each other, we still have a growing effect of the "gravitational field" affecting the system.
Let us discuss the dependence in ω in a non-relativistic regime of the system, fixing Comparison between the transition rates of a de-excitation involving the symmetric entangled state calculated from C T , or using the approximation Γ symm . In each graph, the first one is the continuous blue line, and the second one is the dotted green graph. The first graph presents the non-relativistic regime, and the second one presents the relativistic regime. |∆E|a = 20000. With other parameters having the same values as in the previous analysis, and now fixing r 1 = 0 and r 2 /a = 0.1, we will take small values of ω, as shown in figure 6 . All the three graphs gives us the same normalized (and very small) transition rate between 8 × 10 −5 and 9 × 10 −5 , coinciding with the value for r 2 /a = 0.1 in figure 5(a) . Taking aω ≤ 10 −2 and 1, the fluctuations in the rate when ω changes are respectively 7 and 3 orders of magnitude smaller than the actual value of the rate. So, in this regime, changing ω basically does not change the rate.
Now, let us discuss the same dependence in a relativistic regime. Let us fix |∆E|a = (a) r1/a = 0 (b) r1/a = 0.01 Figure 5 . Symmetric de-excitation rates for the non-relativistic regime. In the first graph, the first detector is fixed in the origin. In the second graph, the first detector is also fixed, but out of the origin. 200, keeping r 1 = 0 and r 2 /a = 0.1. In this case, we can see in figure 7 that both the rate and its fluctuations are way more relevant than in the non-relativistic one. There are a lot of discontinuities in those graphs as we take |∆E|a = 200 and aω closer to one, since we approach the singularities discussed in subsection 4.1, annihilating the denominator |(mω − ∆E ) 2 − k 2 mn − µ 2 | 1/2 . But, except for those discontinuities, the dimensionless transition rate does not change significantly with the value of ω when we fix the other parameters. In the non-relativistic case, with |∆E|a = 20000, it was roughly 9 × 10 −5 . In the relativistic case, with |∆E|a = 200, excluding discontinuities, it is always between 0.15 and 0.16.
We can also see, from equations (3.24) and (3.25) , that the only significance of the mass of the field, µ, is to change the relativistic regime, changing the zeros of the denominator of the response function.
(a) r1/a = 0 (b) r1/a = 0.01 Figure 8 . Anti-symmetric de-excitation rates for the non-relativistic regime. In the first graph, the first detector is fixed in the origin. In the second graph, the first detector is also fixed, but out of the origin.
There is also the de-excitations that involve the anti-symmetric entangled state. In figure 8 , we show the behavior of the transition rate for this case when the first detector is in the origin or out of the origin, respectively. In figure 9 , we show graphs of this transitions computed from the function C T , or from the approximation Γ anti−symm . As in the symmetric de-excitation case, the approximation is very good for the non-relativistic regime but very different from the actual transition rate for the relativistic one. Now, for r 1 very different from r 2 , the symmetric and anti-symmetric cases should have very similar transition rates, because the crossed response functions becomes very Figure 9 . Comparison between the transition rates of a de-excitation involving the anti-symmetric entangled state calculated from C T , or using the approximation Γ symm . In each graph, the first one is the continuous blue line, and the second one is the dotted green line. The first graph presents the non-relativistic regime, and the second one presents the relativistic regime. Figure 10 . Comparison between transition rates for de-excitations involving the symmetric and the anti-symmetric states, respectively being the blue continuous line and the orange continuous line, as a function of r 2 . This is the non-relativistic regime, and the first detector is fixed in r 1 /a = 0.01. small, as seen in figures 2(c) and 2(d). In figure 10 we explicitly compare the transition rates of de-excitations involving the symmetric and the anti-symmetric entangled states for r 1 /a = 0.01, and r 2 /a varying. Both functions goes to the same value near 8 × 10 −5 as r 2 r 1 , with the same behavior. If both crossed rates, R 12 and R 21 , tend to zero, we have only transitions caused by the individual rates. It is expected that even decaying from |e , the final state would not be entangled. In fact, if we have the same transition rate for |s and |a , with the same sign, we are just generating the pure state |g 1 ⊗ |e 2 . But, when r 1 ≈ r 2 , the transitions on the two cases are very different. While the symmetric case displayed a maximum, the antisymmetric one will display a minimum. In fact, the last one is equal to zero in r 1 = r 2 , as shown in figure 8 . Graphs of anti-symmetric transition rates as a function of ω are visually identical to the graphs in figures 6 and 7, so they were omitted.
In section 3, we obtained that, for the response function to be different than zero, we needed ∆E < 0. That means we can only see de-excitations in our system. It was already expected, as the rotating vacuum was shown in section 2 to be equivalent to the Minkowski vacuum. So, we trivially get that all excitations are identical, and Γ |g →|s = Γ |g →|a = Γ |s →|e = Γ |a →|e = 0. But there is a more interesting behavior on the Γ's as a function of ∆E. In this discussion, we will take r 1 /a = 0 different from r 2 /a = 0.1, so there is no significative difference between transitions involving symmetric or anti-symmetric Bell states, as the crossed rates C 12 and C 21 are small compared to C 11 and C 22 . Let us use a transition involving the symmetric state. We can see in figure 11 that there is a gap where transitions are more probable to happen. When the energy of the gap is above some (negative) upper value, there is no transition at all. For negative energy gaps much bigger (in modulus) than mω, α mn /a and µ, it is expected that the transition rate goes to zero since the rate will be roughly proportional to 1/|∆E |. Between those limits, it oscillates around a function that steadily grows with the modulus |∆E|, with a behavior very similar to other works with rotating detectors (see, for example, [56] ). The extremes of the oscillations depend on the radius a of boundary condition, as it defines the normal modes of the field that mediates the interaction. The asymptotic behavior of the transition rate as 1/|∆E | when ∆E → −∞ is illustrated in figure 11 by the green dots plotted, as a function ∝ 1/|∆E |. Figure 11 . Dependence of the transition rate on the energy gap of the detector, for a = 1000 (in arbitrary units of space). The green dotted plot refers to the asymptotic limit ∆E → −∞, where the transition rate goes with 1/|∆E |.
We can try to define the extrema of the interval of ∆E where the transition rates oscillates by inspection of equation (3.24) . The greater limit of the interval is a specific value defined by the Θ function, that requires mω − k 2 mn + µ 2 − ∆E > 0. So, for the other parameters fixed, ∆E max for having a non-zero transition rate will be given by ∆E max = γ 2 · max m (mω − k 2 m1 + µ 2 ), already taking the maximum in n, for n = 1. The minimum value of the interval is related to the regime where Γ asymptotically behaves like 1/∆E. That occurs when the term (mω − ∆E ) 2 − k 2 mn − µ 2 tends to (∆E ) 2 , that is, when ∆E −γ 2 · max m (mω, α mn /a, µ). So far we have computed transition rates between states of the system, and we used them to discuss, among other features, the stability of entangled states. A more direct way of analyzing it is to compute the mean life of those states. Since we have no excitation, entangled states can only decay to the ground state |g of the system, so the mean life of an entangled state |i is given by τ |i (r 1 , r 2 ; a, ω, ∆E, µ) = [Γ |i →|g (r 1 , r 2 ; a, ω, ∆E, µ)] −1 .
(4.5)
In figure 12 , the behavior of the mean life of both the symmetric and anti-symmetric entangled Bell states is presented. As already pointed out, we see that, for r 1 = r 2 , the mean life of the symmetric entangled state is a minimum, and the mean life of the anti-symmetric one diverges, as this state becomes stable. For other values of r 2 , we see the mean life oscillating, with several peaks, as we are in the relativistic regime, but its value is always between 3 and 3.5. As r 2 gets more different from r 1 , the amplitudes of the oscillations become smaller. In the non-relativistic regime, the mean life would be a smooth function of r 2 , since there are no peaks in the transition rate, and consequently no peaks in the mean life.
Conclusions
In this work, we studied two entangled Unruh-DeWitt detectors, coupled with a massive scalar field. The radiative processes in a uniformly rotating frame, with Davies' cylinder as the boundary condition for the field, are discussed. Motivated by Davies et al [12] concerning rates in rotating frames, and by Rodriguez-Camargo et al [53] -entanglement of two atoms in a non-inertial frame (Rindler space-time, in that case) -we studied radiative processes between two atoms in a rotating frame. Note that the atoms are under the influence of different "gravitational fields".
We extended Davies' result for two atoms, that there can not be any excitation of the atomic system in this frame, consistent with the Bogoliubov's β coefficients between Minkowski and the rotating field modes being zero. Due to the coupling with the scalar field, there is a non-zero crossed response function. This crossed term is responsible for transitions involving pure states and entangled states of both atoms. We verify that only for r 1 ≈ r 2 , the crossed response functions are significantly different from zero, and this fact was important to study transitions involving entangled states. But first, from the monopole matrices we see that transition rates for de-excitations can be separated into two disjoint cases: the ones involving |s , and the ones involving |a . That is, Γ |e →|s = Γ |s →|g and Γ |e →|a = Γ |a →|g . As a consequence of the behavior of the crossed response functions, the second ones tend to zero when r 2 → r 1 , where the first ones have their maximum.
The entanglement harvesting effect only occurs in the de-excitation |e → |s between the state where both atoms are excited, and the maximally entangled symmetric state, and only for r 1 ≈ r 2 . In other values of radial coordinates, the crossed response function tends to zero outside this regime, and the transitions to symmetric and anti-symmetric entangled states will have the same rate, generating a statistical pure state. Entanglement degradation, on the other hand, happens for both the transitions |s → |g and |a → |g . The only stable state is the anti-symmetric entangled state for r 1 = r 2 when the transition rate is equal to zero. We also studied the mean-life of both entangled states. It is also possible to find the stable state by looking at the divergence in the mean-life plot for r 1 = r 2 , in the anti-symmetric de-excitation. Finally, since there is no excitation, there are no entanglement effects associated with excitations.
For future works, we have plans to study the radiative processes of two atoms in the scenario of a non-time orthogonal metric, for instance, in the Kerr space-time, where the effects over radiative processes can be analyzed. From this method, one could analyze the possibility of extracting entanglement from a rotating black hole vacuum. Another possibility is to discuss the degradation of entangled states, and compare with other works about entanglement dynamics in Kerr space-times [40] . One could also consider studying these radiative processes with electromagnetic fields and entangled atoms, as more realistic models. Also, more complete treatment for the dynamics of entangled atoms interacting with quantum fields can be given by the master equation approach. These subjects are under investigation by the authors.
